Specifying their (normally ordered) characteristic functions we determine all states of the boson C*-Weyl algebra which satisfy Glauber's coherence condition and are not realizable as density operators in Fock space. The pure ones are shown to be just the eigenstates of the annihilation operators in their GNS-representations (in contrast to the Fock case) and are characterized in many equivalent manners. The central decomposition of an arbitrary coherent state has the macroscopic phase variable as parameter and is supported by the pure coherent states, which is in fact the only way for a maximal decomposition. The set of all coherent states with the same absolute factorizing function is proven to be a Bauer simplex. The appearence of a classical coherent field part is studied in detail in the GNS-representations and shown to correspond to an enlargement of the set of one boson states by just one additional mode.
§1. Introduction and Preliminary Results
In one of his first papers on quantum optics [6] Glauber emphasizes the importance of states with a large number of photons for the description of light beams (and contrasts this with the few photon excitations in perturbational quantum electrodynamics). The relevant states, which have some degree of coherence, are investigated by him and his colleagues, however, only in the Fock representation. Since in laser beams there are in fact macroscopically many photons one may doubt if this formal limitation is justified. In [12] examples of fully coherent states are given, which cannot be represented by density operators in Fock space. A systematic study, where both Fock and non-Fock coherent states are investigated in the smeared field formalism, has been started recently in [13] . The aim of this paper is to carry on this analysis with the emphasis on non-Fock states.
We start here from Glauber's factorization condition for a (fully) coherent state [7] . If the creation and annihilation operators are smeared with oneboson test functions this coherence condition leads to a product of the values of a certain linear form on the test function space and its complex conjugate. In this formulation the consequences of the coherence condition can be deduced in a rigorous way, especially by means of the formalism of operator algebraic statistical mechanics [4] . If the mentioned linear form is bounded, then every state fulfilling this condition is given by a density operator in the Fock representation (i.e., is relatively normal to the Fock representation). Even in this more familiar case the complete classification of all coherent states seems not to have been carried through. If the mentioned linear form is unbounded the set of all (normalized mode) occupation numbers is unbounded and the corresponding state is no more representable by a density operator in Fock space (is disjoint to the Fock vacuum). In this case the typical operator algebraic techniques come into play. The statistical correlation inherent in the coherence condition extends now over so many photons (in states with finite particle density) that macroscopic classical features are generated, especially a macroscopic phase observable is displayed. Just these non-Fock structures seem to fit very well to many experimental situations with a high photon density. They are also in a certain analogy to the condensation phenomena of massive bosons, where in fact the "off-diagonal long-range order" is considered to be related to the coherence condition (cf. [11, p. 39] ). In the reconstructed quantum mechanics over these ordered states (by means of the GNSrepresentation) the collective phenomenon is concisely expressed by an additional classical field. Altogether there seems enough motivation for a thorough elaboration of the non-Fock coherent boson states. In detail we proceed as follows. After preliminary results on states on the Weyl algebra we start in §2 with an analysis of the pure coherent states and refine the results of the literature. We use already here the technique of the Kolmogorov decomposition for positive-definite kernels (which is shortly introduced in the Appendix) in spite of its power being only visible in the case of mixed coherent states. The general form of coherent states is attacked by means of the (twofold) analytic power series of the normally ordered generating function. In spite of a quite different technique the result resembles that of [16] : the form of this series is fixed up to an infinite number of complex coefficients, which constitute an infinite positive complex matrix, where only the diagonal elements are determined by the coherence condition. The nondiagonal elements are here further analyzed for the non-Fock case, where one can show directly via the unboundedness of the mentioned linear form, that they depend solely on the difference of the integer matrix indices. This is in contrast to the Fock case, where the variety of admissible coefficients is larger. The Kolmogorov decomposition of the matrix coefficients leads to a Kolmogorov decomposition of the normally ordered generating function.
In § 3 we only treat the non-Fock case and show that the spectral measure of a certain unitary operator in the mentioned Kolmogorov decomposition leads to a unique decomposition of the given coherent state into pure coherent states and reveals the set of all coherent states with a fixed linear form to be a Bauer simplex. The GNS-representation is easily constructed and known in the literature for similar situations since [2] . Here it is gained by means of the minimal Kolmogorov decomposition of the characteristic function. It is always a tensor product of the Fock representation and the classical part. Especially elegant is the formulation of the represented Weyl algebra if the one-boson space is enlarged by an additional mode. This suggests also a natural enlargement of the C*-Weyl algebra so that the classical field part may vary independently from the Fock part. The mathematical structure of this new C*-Weyl algebra over a degenerate symplectic form is analyzed, a formalism which incorporates a whole classical statistics over the phase variable of the coherent field. This nontrivial classical part is shown to be approximable by local field expressions (without a classical component) in the strong resolvent sense.
Equipped with this mathematical machinery it is now easy to identify the decomposition of an arbitrary coherent state into pure coherent states as the central decomposition (which requires more than the pairwise disjointness of the supporting states). Moreover it is also shown to be the unique decomposition of a coherent state into a family of pure states (by means of a maximal measure not necessarily orthogonal). Related with this result is the fact that a coherent state can only be decomposed into countable many states if the latter are coherent with the same linear form as the given one, showing that the set of all coherent states with the same linear form is a face of the convex and compact state space of the original Weyl algebra.
Having anticipated some of the unique features of the non-Fock coherent states let us now start with the basic mathematical notions we shall need.
We denote by E the pre-Hilbert space with (right linear) scalar product <.|.>, containing the genuine one-boson states which the free quantum particles may assume. (In certain situations it is physically reasonable to extend £, cf. e.g., §3.) Let iT(E) be the unique C*-algebra, which is generated by non-zero elements W(f), fe E, satisfying the Weyl relations
for all/, geE. The states cp, which are elements of the weak*-compact convex state space ^ of if(E) 9 are in bijective affine correspondence with the (characteristic) functions C : E -> C with C(0) = 1 and for which the map In the GNS-representation (11^, H 9 , Q 9 ) of a regular state cp the boson field operator <Z^(/):= -iis selfadjoint with domain ^(0 <p (/)) (given by the existence of the derivative), and the annihilation and creation operators are closed on ^(^(/))n^(^(i/)), «*(/) = fl,(f)* and/H^a*(/) is linear. If P(^) symbolizes a polynomial in the field operators (depending on a finite selection of one-boson states), then we often write <cp;P(^)> for <flj/>(#")£">, provided that Q (p e^(P(0 (p }). The latter is the case for each polynomial with degree less or equal to m, if cp is of class C 2m . We mention, that the cyclic vector Q 9 of the GNS-representation of cp is an analytic (resp. entire analytic) vector for each 0^(/),/e£, iff <p is analytic (resp. entire analytic).
If q> e £f is analytic, for each fe E there is a neighborhood U f of the origin of the complex plane, such that C,(z;/) = Z^<p;<P,(/r>, "I/,. 
(
1.2)
In this is the case, then it follows for the analytic extension of
Especially cp is entire analytic, iff N^z^ z 2 ;f) is entire analytic on C 2 for every feE.
Moreover, the analyticity condition and (1. 
is in C(E) and defines an entire analytic state cp L with (cf. Lemma 1.1)
The minimal Koimogorov decomposition of the associated positive-definite kernel is of the form
where-as in Section I-the index "F" refers to the Fock vacuum. .2) and (1.5) with z = 1:
Comparing C zL (f) according to (2.1) with (1.1) we find and <cp; A<& 9 
and the higher truncated functionals vanishing, thus cp zL is quasi-free. Coherence follows from (b)(ii). The reverse implication is given in the Appendix of [13] .
From (a) and the Appendix we conclude that the Weyl operators in the GNS-representation of cp zL are scalar multiples of the FockWeyl operators and hence generate an irreducible C*-algebra and thus <p zL is pure, (ii) => (iii) and (ii) => (iv) are immediate, (ii) => (v) is gained by taking for co the pure state <p zL . D As a preparatory step for he general case let us consider condition (1.6) for k = l= 1.
Lemma 22. Let CD e^ be of class ^2, then the following two conditions are equivalent:
Moreover, if these conditions are satisfied, then
The linear form L is determined uniquely by (ii), up to a phase. 
Here we have by the canonical commutation relations and Definition 1. In this section we stick to the assumption that the linear form L: E -> C, occurring in the coherence definition (Definition 1.2), is unbounded.
The one-dimensional torus T (cf.(1.7)) is a compact abelian group, the dual (character) group of Z (Z equipped with the discrete topology). T acts on iff (E) by means of the *-automorphisms (the gauge transformations of the first kind) 
T z (W(f))=W(zf),zeT.

Since ||(T Z -l)(W(f)
)U a (W(f)) = W F (f) (g) W v (L(f)} V/e£,
which is not continuous in /e E with respect to the strong operator topology. If Ji v is the W* -algebra generated by the W v (a) in ffl v then and the center is
where (x) denotes the W*-tensor product introduced in [15] .
Proof. For (/J) n6N of Lemma 2.4 we get for all aeC Define Jf := E 0 C. We want to extend if(E) to a Weyl algebra over this pre-Hilbert space jf . Since cr^ is degenerate on Jf* there is no canonical way to associate a C*-Weyl algebra with it, and we do this in a special way in the GNSrepresentations of the coherent states CD e Sf L . For certain purposes W (E) may be even extended to a Weyl algebra over Jf . The representation 11^ defines a C*-or a C*-half-norm on 4(jf, tr^), the completion of which is TT (£) (x) ^(5 M ), the C*-algebra of Proposition 3.4 (vi). If /i is the Haar measure on T, then one gets HT (E) (x) «(T). Each COG^L can be extended to an CD on so that o5(^(/) (g) gj = C F (/)^a) and the algebras can be obtained as the quotient of HT (E) (g) #(T) with the closed *-ideal HT(E) (g) ^ao("T\5^)(C 00 (X) denotes the continuous functions vanishing at infinity).
In order to analyze further the decomposition of (oe^L by means of the measure ^GM+(T), which is described in Theorem 3.1 5 Altogether the foregoing mathematical analysis provides a detailed picture how a classical collective structure arises from the coherence condition with unbounded linear form L. For all such L's there shows up exactly one macroscopically occupied mode with a classical (central) phase observable. Giving this phase fluctuation free values is the only way to decompose the given coherent state into pure quantum states. If the considered bosons are photons then classical fields in the GNS-representations give an indication, how classical optics may be founded by quantum optics, a view which is also supported by the examples in [12] . apply this to the characteristic functions of states on the Weyl algebra.
Restricting the definition of [5] to the complex valued kernels we call a mapping K : X x X -» C a positive-definite kernel, if for all n e N, all x l9 ...,x n EX, X being an arbitrary set, and all z lJ ...,z n eC This shows that to every function C in C(E)(defined in the Introduction) there corresponds a unique state cpe^9 which is constructively given by the cyclic vector in the minimal Kolmogorov decomposition of C.
